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OPERATOR MEX TO WIN THE THREE-PILE
FRAENKEL GAME
Susi Parlini, Ihda Hasbiyati and M. D. H. Gamal
Abstract. This paper discusses a formula to reconstruct the P -position of three-
pile Fraenkel game by using mex operator. P -position is a dynamic position where a
gamer can decide his victory. The result shows that P -position of three-pile Fraenkel
game is a series (An,j , Bn,j , Cn,j), with the value of An,j is the smallest positive
integer which doesnot exist in (An,j , Bn,j , Cn,j) with 0 ≤ i < n, while the value of
Bn,j , and Cn,j can be recursively obtained from An,j . From this discussion, it can
be concluded that there are (j + 1) series of P -position for each n integer, with
the value of j is the integer started from zero to the lowest value of n
2
.
1. INTRODUCTION
Generally, a combinatorial game is assented to have characteristics as fol-
lows: (a) there are two players, (b) each player moves one after another, (c)
there is a starting position which is settled in the beginning, (d) for each
position (except for the loser position), and for each player, there are several
choices to move, and every chosen move determines the next position, (e) if
a player got a position that blocks him to move, he is stated in a defeated
position, (f) both players have complete information about their position,
(g) there is no lucky factor, the last result (win or lose) can be achieved by
selecting accurate moves, (h) the game ends by the number of moves.
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One of the characteristics of combinatorial game is the two kinds of
position set, each of them is called P -position (Previous move) and N -
position (Next move). P -Position is a position which can be taken by a
player, and from that position the player can decide his victory. If a player
is already in P -position, the other player is in N -position. N -position is
a position to lose, if a player is already in this N -position, and he cannot
alter his N -position to be P -position, the player is stated as loser because
he cannot move by the rules.
The constructioni of P -position mathematically can be well-done be-
cause P -position is in form of series from infinite elements, so it is hard to
memorize. Meanwhile, knowing P -position is important to win this combi-
natorial game.
The Wythoff game is one of combinatorial games: by two piles of (1)
player can take any token from each pile, (2) player can take tokens from
both piles as far as in equal number, (3) player cannot take all takens but
one token left.
Some mathematicians have generalized Wythoff game. Connell [3],
for example, defines Wythoff-k game as the rules of taking any token out
of the pilechanged into taking as many multiplication token-k, where k =
1, 2, 3, . . .. For k = 1, the game is called Wythoff-1 and this is identical with
the real Wythoff. Hoggatt [15] defines it as a combinatorial game by using
two-pile of tokens where he called it Lucas game since it is related to Lucas
series.
Ho [14] has conducted a research related to Wythoff game with dif-
ferent direction and objective. Ho [14] creates two variations of Wythoff
game rules without changing the P -position of modified game. The func-
tion characteristics of Sprague-Grundy, which have been the basics of one
construction of P -position Wythoff game, is further studied by Nivasch [16].
Rahman [17] discusses construction, bears out P -position and strategy
of winning the tribonacci game deeper than Duchenes and Rigos [4]. Rah-
mans [17] discusses the construction of P -position tribonacci game as the
extension of the construction of P -position Wythoff game.
Fraenkel [6] extends Wythoff game by releasing the number of piles,
which is k ≥ 3 piles and the rule of move type (1) (taking any token from
one of piles) is modified by taking any token from one of piles or at most
m− 1 token out of k − 1 piles.
In this paper, we discusses Wythoff game which has been extended by
Fraenkel. We discusses three-pile only and call it three-pile Fraenkel game.
The focus of this paper is to discuss and decide the formula of mex operator
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to construct P -position of three-pile Fraenkel game.
2. THE TWO-PILE FRAENKEL GAME WITH
OPERATOR MEX
This part gives some definitions and basics which are used in this research.
The P -position construction of three-pile Fraenkel game in this article ap-
plies mex operator. Rahman [17] defines mex operator as follows:
Definition 2.1 For each series of natural numbers {ai}mi=1
mex{ai}mi=1 = min{n ∈ N |n 6= a1, for all i ∈ (1, 2, . . . ,m)} (1)
The characteristics of mex operator from Definition 2.1 can be used
to determine one of the piles or pile Ai on P -position of three-pile Fraenkel
game.
In the standard version, Gurvich [13] calls two-pile Fraenkel game
WYT (a), because Gurvich [13] extends this two- pile Fraenkel game by
giving parameter a to move type (2) and b to move type (1), while in two-
pile Fraenkel game, the value of pile a is free, and b = 1.
This three-pile Fraenkel game is the extension of two-pile Fraenkel
game. The definition of two-pile Fraenkel game is given by Gurvich [13].
Definition 2.2 Two players move one after another with following steps:
(1) for b = 1, take a number out of one pile and at most b− 1 out of other
pile. (2) take token out of two piles but the deficit of taken token is smaller
than a.
From Definition 2.2, it can be concluded that for move type (1), the
player can take a token from one of two piles, because taking from another
pile is b− 1 while b in two-pile Fraenkel game is 1, so taking another token
is 0. Then, taking token at move type (2) depends on parameter a given in
the game.
In three-pile Fraenkel game, parameter b at move type (1) is free as
long as the most token is m− 1 from each provided piles, or it can be said
that paramater b = A, b = B and b = C, so maximum a′ = A−1, maximum
b′ = B − 1, and maximum c′ = C − 1, with A,B,C as pile 1, 2, 3, and
a, b, c, are the tokens taken from A,B,C respectively. For move type (2) of
this three-pile Fraenkel game, taking tokens from three-pile is in the same
number, so in the two-pile Fraenkel game, it is mentioned as a = 1.
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Theorem 2.1 The set of P -position (xn, yn)|n = 0, 1, . . . , in Fraenkel game
is recursively functioned as follows:
xn = mex{(x1, y1); 0 ≤ i < n)},
yn = xn + an, n ≥ 0.
The proof of theorem can be seen in Gurvich [13]. The extension of
Theorem 2.1 is done to get the theorem used in three- pile Fraenkel game.
From Theorem 2.1 it can be said that An is mex of P -position before n,
which is from the series (Ai, Bi, Ci)|i ≤ n, and is obtained recursively from
An, while Cn maximum is obtained from the summation of Bn minimum
and n, while the value of Cnj for 0 ≤ j ≤
⌊
n
2
⌋
is the absolute integral series
of each n.
The three-pile Fraenkel game can be defined as follows:
Definition 2.3 Two players move one after another with two types of move:
(1) taking an integer, at most m− 1 token out of one pile or at most out of
two piles. (2) the player take the same number of token out of three piles.
Table 1: P -position (An,j , Bn,j , Cn,j) three piles Fraenkel game
n 0 1 2 3 4 5 6
j 0 0 0 1 0 1 0 1 2 0 1 2 0 1 2 3
An,j 0 1 3 3 6 6 10 10 10 15 15 15 21 21 21 21
Bn,j 0 1 3 4 6 7 10 11 12 15 16 17 21 22 23 24
Cn,j 0 2 5 4 9 8 14 13 12 20 19 18 27 26 25 24
n 7 8 9
j 0 1 2 3 0 1 2 3 4 0 1 2 3 4
An,j 28 28 28 28 36 36 36 36 36 45 45 45 45 45
Bn,j 28 29 30 31 36 37 38 39 40 45 46 47 48 49
Cn,j 35 34 33 32 44 43 42 41 40 54 53 52 51 50
n 10
j 0 1 2 3 4 5
An,j 55 55 55 55 55 55
Bn,j 55 56 57 58 59 60
Cn,j 65 64 63 62 61 60
Table 1 shows the first 10 P -position of three-pile Fraenkel game that
has interesting structure. It can be seen that
Bn,j −An,j = j
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If it is derived from Theorem 2.1 due to a = 1, so Bn = An + j, for each
integer, and if
max(Cn,j)−min(Bn,j) = n, so
max(Cn,j) = minBn,j + n,
then, the series of, Cn,j is a decreasing series, for each natural number with
0 ≤ j ≤ ⌊n2 ⌋. For n > m,An,j > (Am,j , Bm,j , Cm,j); 0 ≤ j ≤ ⌊n2 ⌋, and for
each n integer; (Bn,0, Bn,1, Bn,2, . . . , Bn,j); 0 ≤ j ≤
⌊
n
2
⌋
is a up series, while
(Cn,0, Cn,1, Cn,2, . . . , Cn,j); 0 ≤ j ≤
⌊
n
2
⌋
is a decreasing series, and the series
of (An,j , Bn,j , Cn,j) is a nondecreasing series or An,j < Bn,j < Cn,j . This is
a strong reason that
An,j = mex {(Ai, Bi, Ci); 0 ≤ i ≤ n}.
For each S set, if S is the complement of S for all nonnegative integer, so
mex S = minS,
is a the smallest nonnegative integer which is not in S, then
mex φ = minS,
From Table 1 A4.1 = 10, it can be recursively obtained as follows:
A4,j =mex (0, 1, 2, . . . , 9),
=mex {(A0,0, A1,0, A2,0, A2,1, . . . , An−1,j), (B0,0, B1,0, B2,0, . . . , Bn−1,j),
(C0,0, C1,0, . . . , Cn−1,j)}, (2)
=mex
(
n−1⋃
i=0
Ai,
n−1⋃
i=0
Bi,
n−1⋃
i=0
Ci
)
. (3)
From the equation (2) and (3), we get
An,j = mex {(Ai, Bi, Ci); 0 ≤ i < n}. (4)
Example 1
An,j = mex {(Ai, Bi, Ci); 0 ≤ i < n},
= mex (0, 1, 2, . . . , 14),
= 15.
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So the value of A for P -position on n = 5 for each value j is 15. Example
1 is proven based on equation (4). By deriving the formula out of two-pile
Fraenkel game.
xn = mex {(xi, yi); 0 ≤ i < n},
yn = xn + an, n ≥ 0.
And by analyzing the pattern of P -position series for Bn−1, Bn−2, . . . , Bn−n
the following equation is obtained:
Bn,j = An,j + j; 0 ≤ j ≤
⌊n
2
⌋
. (5)
Example 2
B5,2 = A5,2 + j ,
= 15 + 2 ,
= 17.
The value of B for P -position at n = 5 and j = 2 is 17. Example 2 is proven
based on equation (5). It can be seen that
max(Cn,j)−min(Bn,j) = n,
max(Cn,j) = minBn,j + n.
then the value of Cn,j is every integer in the closed-interval
[
0,
⌊
n
2
⌋]
in a
decreasing series for each n, it can be obtained
Cn,j = Bn,j + (n− 2j); 0 ≤ j ≤
⌊n
2
⌋
. (6)
Example 3
C5,2 = B5,2 + (5− 2 · 2),
= 17 + (54),
= 18.
The value of C for P -position at n = 5 and j = 2 is 18. Example 3 is proven
based on equation (6).
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3. THE THREE-PILE FRAENKEL GAME BY USING
OPERATOR MEX
Based on Theorem 2.1, by using Definition 2.1 and equations (4), (5), (6),
it is obtained
Theorem 3.2 The set P -position {(An, Bn, Cn);n = 0, 1, 2, . . .} from three
piles Fraenkel game it is recursively functioned as follows:
It can be seen that
An,j = mex {(Ai,j , Bi,j , Ci,j); 0 ≤ i < n},
Bn,j = An,j + j; 0 ≤ j ≤
⌊
n
2
⌋
,
Cn,j = Bn,j + (n− 2j); 0 ≤ j ≤
⌊
n
2
⌋
.
 (7)
Proof. The proof of this theorem is based on Definition 2.1, if:
A =
∞⋃
n=0
An,j , B =
∞⋃
n=0
Bn,j , C =
∞⋃
n=0
Cn,j , for 0 ≤ j ≤
⌊n
2
⌋
,
then
A
⋃
B
⋃
C = Z0,
and for n > m, then
(An, Bn, Cn)
⋂
(Am, Bm, Cm) = φ.
if X = (An, Bn, Cn) and Y = (Am, Bm, Cm), then X and Y are the each-
other complement set. This is a strong reason that An is the mex of a set
which contains
(Bm, Cm) = An.

From the proof of Theorem 3.2, it is sufficient to show two things:
(i) A player moves from area (An, Bn, Cn) in a position which is not from
the pile of (Ai, Bi, Ci).
(ii) Given a position (X,Y, Z) 6= (An, Bn, Cn), except for (X,Y, Z) =
(0, 0, 0), there is a move for a (An, Bn, Cn), which is useful for showing
two necessary conditions; which are the definition of P -position and
N -position, all N -positions can be attained one move from P -position,
and at least one P -position can be attained by one move from a N -
position.
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By possible moves (A′, B′, C ′) in a position (A,B,C) from three-pile
Fraenkel game, it can be concluded as follows:
Theorem 3.3 For every position
(
A0, B0, C0
)
out of three-pile Fraenkel
game, it can be performed things as follows:
(i) For move type (1)
max (A′ +B′) ≤ A+B − 2
max (A′ + C ′) ≤ A+ C − 2
max (B′ + C ′) ≤ B + C − 2
min (A′, B′, C ′) = 0
(ii) For move type (2)
A′ = B′ = C ′ with 0 ≤ A′ ≤ A, 0 ≤ B′ ≤ B and 0 ≤ C ≤ C.
So, if it is derived from two-pile Fraenkel game, it can be obtained:
|A′ −B′|, |A′ − C ′|, |B′ − C ′| < a
For a = 1 and a ∈ z+ is a parameter for the game.
Proof.
(i) For move type (1), take token from piles A,B,C at most A− 1, B− 1,
or B − 1, C − 1. So that the reasult is
max A′ = A− 1,maxB′ = B − 1,maxC ′ = C − 1, so
A′ +B′ = (A− 1) + (B − 1), so
A′ +B′ = A+B − 2,
A′ + C ′ = (A− 1) + (C − 1), so
A′ + C ′ = A+ C − 2,
B′ + C ′ = (B − 1) + (C − 1), so
B′ + C ′ = B + C − 2.
The minimum number of tokens taken from two piles is 0, that
min(A′, B′, C ′) = 0
(ii) For move type (2), if a move at this second type of (An, Bn, Cn) re-
sulting a position (Ai, Bi, Ci), with i 6= n, this second move fulfills:
|(CnCi)(BnBi)(AnAi)| = |(CnBnAn)(CiBiAi)| = (n(n− 1))a < a
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From the recursive equation in this Theorem 3.2, it can be seen that
each series of P -position (An,j , Bn,j , Cn,j);n ≥ 0 is nondecreasing series
or An,j < Bn,j < Cn,j ;n ≥ 0 and
An,j +Bn,j + Cn,j = 3An + n
This shows that the first two-pile is a position of the game or is a part
of (3An + n), and
Bn,j + Cn,j = 2An + n
also shows that the third pile is part of game position or part of 2An+n.
Then, Bn,j+Cn,j is also called component of pile or part of partition. 
Theorem 3.4 Each partition Bn,j + Cn,j from 2An + n with each part as
big as ≥ An, then each part is as big as < An+1.
Proof. An,j + n − Cn,j = Bn,j ≥ An,j since for all (Bn,j , Cn,j);Bn,j ≤
Cn<j ≤ An+1 − 1. 
Theorem 3.5 For n ∈ Z0, each integer in semi-closed interval f ∈
[An, An+1) appears as a part of a P -position from Pn. This appears in Pm
for no m 6= n.
Proof. The smallest part in Pn is An. With the Theorem 3.4, the biggest
part cannot exceed An+n = An+1−1. Because f ∈ [An, An+1) appears as a
part in Pm for nom 6= n. For example f ∈ [An, An+1), let say f = An+g, 0 ≤
g ≤ n. Then, An+g appears in position Bn, Cn = A0n, An + n− g,An + g, at
2An+n, with A
0
n is notated by copying 0 for An, so an+g appears in a Pn. 
4. CONCLUDING REMARKS
At P -position three-pile Fraenkel game, it can be seen that the series An,j
is a linear series (constant), Bn,j is an absolute up series and Cn,j is an
absolute down series, for each n integer with 0 ≤ j ≤ ⌊n2 ⌋. For n 6= m,
the series (An, Bn, Cn) with the series (Am, Bm, Cm) is complement for each
other. Then, for n ∈ Z0, each integer in semi-closed interval f ∈ [An, An+1)
appears as a part of a P -position from Pn. There are as many as (i + 1)
series P -position, for each integer, with 0 ≤ j ≤ ⌊n2 ⌋.
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